Bell non-locality and steering are essential features of quantum mechanics which mark significant departures from classical notion. They basically refer to the presence of quantum correlations between separated systems which violate a non-local inequality, the violation being not possible if we restrict ourselves only to classical correlations. In view of the importance of such unique correlations one may be interested to generate more non-local states starting from a few, a protocol which is termed as broadcasting. However in the present submission we show that if one restricts to broadcasting through quantum cloning, then such non-local states cannot be broadcasted. Our study is done in the purview of the Bell-CHSH inequality and a steering inequality pertaining to three measurement settings. We also find suitable restrictions on the Werner and Bell diagonal states which will make them unsteerable under any number of measurement settings, after broadcasting.
I. INTRODUCTION
Bell's inequality [1] provides a significant yardstick for the presence of non-locality in a system.The fact that some quantum states violate Bell's inequality and are thus nonlocal,contributed significantly to our understanding of the foundational issues in quantum mechanics [1] .A plethora of work also exploited non-locality from an information processing perspective leading to works lon quantum cryptography [2, 3] ,Steering, a notion first envisaged by Schrodinger [4] and later given an operational interpretation in [5] , is another form of non-local correlations is considered as a hybrid between entanglement and Bell non-locality [6, 7] .Alike Bell non-locality various steering inequalities have been proposed to witness steerability in quantum systems [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
Given the importance of a quantum resource,a tactical scheme could be to generate more such resources through copying. However, the no-cloning theorem in quantum mechanics [19] puts a restriction on perfect cloning. The No cloning theorem states that there exists no quantum mechanical process that can take two different non-orthogonal quantum states |ψ 1 〉, |ψ 2 〉 into states |ψ 1 〉 ⊗ |ψ 1 〉, |ψ 2 〉 ⊗ |ψ 2 〉 respectively. Even though we cannot copy an unknown quantum state perfectly but quantum mechanics never rules out the possibility of cloning it approximately [20] [21] [22] [23] . It also allows probabilistic cloning as one can always clone an arbitrary quantum state perfectly with some non-zero probability of success [21, 24] .
Buzek et al. introduced the concept of approximate cloning with certain fidelity. In this process, the state independent quantum copying machine was introduced by keeping the fidelity of cloning independent of the input state parameters. This machine is popularly known as universal quantum cloning machine (UQCM) [23] which was later * nirmanganguly@gmail.com proven to be optimal [25, 26] . Apart from this,there are also state dependent QCMs for which the quality of copies depend on the input state [24] .
On a different but close perspective,the term broadcasting can be used in different contexts. Classical theory permits broadcasting of information, however that is not the case for all states in quantum theory.In this context, Barnum et. al were the first to show that non-commuting mixed states do not meet the criteria of broadcasting [27] .It is impossible to have a process which will perfectly broadcast an arbitrary quantum state [28] . Interestingly when we talk about broadcasting of correlations (resources in general) we refer to a situation that the correlations in a two qubit state ρ ab are locally broadcastable if there exist two operations, Σ a : S( a ) → S( a 1 ⊗ a 2 ) and Σ b :
and ρ a i b i := Tr aī bī (ρ a 1 a 2 b 1 b 2 ). One of the possible examples of the operations Σ a , Σ b are quantum cloning operations. Using local and non-local cloning operations we are able to broadcast entanglement from one pair of states to larger number of pairs for a smaller range of input state parameters. As an input state we did not only restrict ourselves to 2 ⊗ 2 states [22, [29] [30] [31] [32] [33] but also consider resource states from higher dimension [34] . In addition to this progress were also made in broadcasting of general resources like coherence and correlation that goes beyond the notion of entanglement [32] [33] [34] [35] .
In the present submission, we probe the possibility of generating more number of non-local resources starting from a few.The study is done in the ambit of the Bell-CHSH inequality and a steering inequality with three measurement settings.We exhibit that it is impossible to broadcast nonlocality under the constraint of broadcasting through cloning.We also find that Werner and Bell diagonal states become unsteerable under any number of measurements,for some values of their parameters after broadcasting.
II. SOME USEFUL DEFINITION AND CONCEPTS
In this section we briefly revisit some basic concepts like non locality of quantum states and quantum cloning. All these concepts will be useful and relevant for the main findings of our manuscript.
A. General two qubit mixed state
In this paper, we use a general two qubit mixed state (shared by parties numbered 1 and 2) as a resource state for some operations, and it is represented in the canonical form as,
where
] are 2 ⊗ 2 Pauli matrices and n is the identity matrix of order n.
B. Non Locality of a Quantum State
Bell non-locality is a phenomenon arising out of some measurements made on a composite system, contradicting the assumptions of locality and realism. Bell's inequality provides a convenient tool to detect non-locality. Any state that violates this inequality is said to exhibit Bell non-locality.Bell nonlocality,a-priori has nothing to do with quantum mechanics, however certain correlations arising from quantum states violate a suitably chosen Bell's inequality and thus underscore the presence of non-local correlations. Quantum steering is the manifestation of the nonclassical correlations obtained between the outcomes of measurements applied on one part of an entangled state and the post-measurement states remaining with the other part. Although noted by Schrodinger in his seminal paper [4] , the notion of steering gained prominence with an operational reformulation in [5] . A steering test can be seen as an entanglement test where one of the parties performs measurements. Thus, steering can be considered as a form of non-locality occupying a place between entanglement and Bell non-locality [6, 7] .
A much weaker form of non-locality is quantum entanglement. A quantum state is called entangled if it cannot be expressed as a convex combination of product states. The inability to write the state in the above form gives rise to the identification of entanglement as a key quantum resource. We now put down the formal mathematical definition of the above features.
Bell non-locality: Consider that there are two parties Alice and Bob. Let D α and D β represent the set of observ-ables on Alice's and Bob's side respectively. Let the corresponding sets of measurements(which are subsets of the respective set of observables) be represented by M α and M β . If we restrict ourselves to projective measurements, then
here, P(a, b|A, B; ρ) represents the probability obtained and
are the respective projectors. Bell nonlocality is said to be exhibited by a state ρ if there is at least one probability which cannot be written in the form given below:
here, p(a|A, ξ), p(b|B, ξ) are some probability distributions.
In [36, 37] , Horodecki et. al found closed form pertaining to the violation of the Bell-CHSH inequality optimized over all possible measurements. The maximum Bell-CHSH violation S(ρ 12 ) for a two-qubit state ρ 12 is given by,
where M (ρ 12 ) = m 1 + m 2 , where m 1 and m 2 are the largest eigenvalues of the matrix U = T t ρ 12
T ρ 12 (t being the transpose of the matrix ). Here T ρ 12 is the correlation matrix of the state ρ 12 with entries (T ρ 12 ) i j = Tr(σ i ⊗ σ j ρ 12 ). For a two-qubit state ρ 12 , violation of the Bell-CHSH inequality implies that the Bell-CHSH value S is greater than 2. Therefore,a two qubit state violates the Bell-CHSH inequality iff
Quantum Steering: Steering,as noted earlier lies between entanglement and Bell nonlocality, and a state can be defined to be steerable from Alice to Bob if there is at least one probability which cannot be written as,
As we can see from the equation above, steering is an asymmetric property unlike Bell nonlocality and entanglement.Like Bell nonlocality and entanglement there are several linear equalities to detect steerability. In [38] authors have developed a series of steering inequalities to check whether a bipartite state is steerable when both the parties are allowed to perform n measurements on his or her part.
The inequalities for n = 2, 3 are of the form:
is some bipartite quantum state. Entanglement: On a analogous note, a state is said to be entangled if there is atleast one probability which cannot be expressed in the form ,
C. Cloning
The no-cloning theorem tells us that if we are provided with an unknown quantum state |ψ〉, it is impossible to construct a complete positive trace preserving map (CPTP) C which in principle will make a copy of the state |ψ〉 i.e. C : |ψ〉 → |ψ〉⊗|ψ〉. However, as we have mentioned before this never rules out the existence of approximate quantum cloning machines. In this article for our purpose we consider the optimal and universal quantum cloning machine named as Buzek-Hillery (B-H) cloning machine. Mathematically, the B-H cloning machine (U bh ) is a M -dimensional unitary transformation acting on a state |ψ i 〉 a 0 i = 1, .....M . This state is to be copied on a |0〉 a 1 , which we regard as the blank state of the machine. The initial state of the machine or copier is given by |X 〉 x . The transformed state of the machine as a result of the cloning process is given by the set of state vectors |X ii 〉 x and |Y i j 〉 x . Here a 0 , a 1 and x the indices used to represent the input, blank and machine qubits respectively. Here, these transformed state vectors forms an orthonormal basis set in the M -dimensional space. The cloning transformation scheme U bh is given by,
We can make the cloning transformation optimal state independent (U bhsi ) by imposing the uni-tarity and normalization conditions on B-H cloner (U bh ) giving rise to the constraint,
where we have 〈X ii |Y i j 〉 = 〈Y ji |Y i j 〉 = 〈X ii |X j j 〉 = 0 with i = j and c 2 = 2 M +1 . Here, we consider M = 2 m , m being the number of qubits. The above optimal cloner U bhsi with M = 2 becomes a local copier (U l bhsi ). From Eq. () it is clear that the corresponding values of coefficients c and d will be 2 3 and 1 6 respectively. By putting these values in Eq. (1), we get the optimal state independent cloner which can be used for local copying purposes. For M = 4 the above optimal cloner U bhsi turns into a non local copier (U nl bhsi ) and the values of the coefficients c and d in Eq. (2) become 2 5 and 1 10 respectively. On substituting these values in Eq. (1), we obtain the nonlocal optimal state independent cloner .
The B-H state dependent cloner U bhsi can be obtained from this B-H state independent cloning transformation (U bhsi ), by relaxing the universality condition: ∂ D ∂ <X > = 0; where < X > is the notation used for representing all the parameters of the input state. The distortion D is the measure of distance between the input and output states of the cloner. When c = d = 1, the unitarity of the B-H cloning transformation give rise to certain relation on the output states, which are no longer necessarily orthonormal. This is expressed by the condition,
where i = j and i j = kl for i, j, k, l = {1, 2, ....., M }. We also assume that, 〈X ii |X jk 〉 = µ 2 , 〈Y i j |Y i j 〉 = λ, 〈X ii |X j j 〉 = 〈X ii |Y i j 〉 = 0 where i = j and i, j, k = {1, 2, ....., M }; µ and λ are the machine parameters. We remove the dependence of the distortion D on λ by equating the partial derivative of it with respect to λ equal to zero. Hence in each of the cases, we will be able to calculate the value of λ for which the B-H state dependent cloners become optimal. For local state dependent cloner (U l bhsd ), the distortion D is
〉 be an arbitrary pure state of a single quantum system in mode a or b , where α and β represents the input state parameters with α 2 + β 2 = 1 being the normalization condition.
| is the state we will be getting if there is an ideal copy. When the cloning fidelity is non-ideal then the output state of the cloner is given by ρ out ab . Solving the equation
, we obtain the relation µ = 1 − 2λ. and the range of λ to be [0, 1/2]. It is interesting to note that here the value λ = 1 6 is restricted, since for such values the B-H optimal state dependent local cloner U l bhsd looses the input state dependence property.
For nonlocal state dependent cloner U nl bhsd the distortion D is now given by D abcd = Tr[ρ out abcd − ρ id ab ⊗ ρ id cd ] 2 . Here, we have taken |ψ id ab(cd) 〉 = α|0 id ab(cd) 〉+ β |1 id ab(cd) 〉 be an arbitrary non maximally entangled state either in mode a b or cd , where α and β represents the input state parameters with α 2 + β 2 = 1. The output mode state we are supposed to get for an ideal copy is given by, ρa b(cd) id = |ψ id ab(cd) 〉〈ψ id ab(cd) | . However, in a non-ideal case then the output state of the cloner is given by ρ out abcd . Solving the equation
with ρ out ab = Tr cd [ρ out abcd ], we obtain µ = 1 − 4λ. The allwed range of λ is henceforth is given by the closed interval [0, 1/4]. Similar to the previous situation here the value λ = 1 10 is restricted, as we know that for such values it changes to the B-H optimal state independent local cloner U nl bhsi .
III. IMPOSSIBILITY OF BROADCASTING OF QUANTUM NON LOCALITY
The present section details the aspects of broadcasting of non-locality and further probe whether we are able to create more non-local resources from a few. In particular, we apply local cloning operations on individual labs of each party sharing the resource to create more number of resources across the labs. Let us consider two parties Alice (A) and Bob (B) sharing a general qubit-qubit mixed quantum state ρ 12 with an additional constraint of being non-local (in terms of violation of Bell-CHSH inequality or the three measurement steering inequality). Also, qubit 3 and qubit 4 serve as the initial blank state in Alice's and Bob's lab respectively. We apply local cloning unitaries U A ⊗ U B on qubits (1, 3) and qubits (2, 4) . Tracing out ancilla qubit on Alice's and Bob's side respectively, we get the output state asρ 1234 . We trace out the (2, 4) and (1, 3) to obtain the output statesρ 13 on Alice's side andρ 24 on Bob's side respectively. Similarly, after tracing out appropriate qubits from the output state, we obtain the two plausible groups of output statesρ 14 andρ 23 across Alice's and Bob's laboratory.
The expression for non local outputs statesρ 14 andρ 23 across Alice's and Bob's labs are given by,
while the expression for local output states within Alice's and Bob's labs are given by,
Here Y 34 and X 56 represent the initial blank state and machine state respectively. If the statesρ 14 andρ 23 are non local for some value of the input parameters,then we say that the non-locality is broadcasted. However, for optimal broadcasting we need the output statesρ 13 on Alice's side andρ 24 on Bob's side to be local with respect to the concerned inequalities. The nonlocality of an entangled state is said to be broadcast 14 and ρ 23 are identical and for the process instead of checking the pairsρ 14 ,ρ 23 , we can also check the identical non local pairsρ 12 ,ρ 34 . Interestingly, in this work we find that it is impossible to broadcast non-locality if we restrict ourselves to B-H cloning machines.
A. Broadcasting of Bell Non Local States
We start with a general two qubit state ρ 12 , shared by Alice and Bob, which violates the Bell-CHSH inequality i.e., 1 ≤ M (ρ 12 ) ≤ 2. In what follow below, we show the impossibility of broadcasting Bell non-locality,considered in the purview of Bell-CHSH inequality.
Theorem 1. Non-locality of a particular quantum state cannot be broadcasted using Buzek-Hillary state dependent local cloner (U l bhsd ).
Proof. Consider a general two qubit mixed state ρ 12 as shown in Eq. 1, initially taken as input state and represented in short form as,
where x and y are Bloch vectors and = [t i j ] is a correlation matrix. Suppose the above quantum state ρ 12 violates the CHSH inequality then:
Here M (ρ 12 ) is the sum of two largest eigenvalues (η 1 , η 2 ) of the matrix T . Therefore we have,
After the application of B-H state dependent local cloner U l bhsd to ρ 12 , the final state will be of the form:
Here λ and µ are the cloning machine parameters. Suppose the two largest eigenvalues of matrix µ 4 T are (η ' 1 , η ' 2 ) ≡ (µ 4 η 1 , µ 4 η 2 ). Considering the Eq. 18,
But the maximum value of µ is restricted by Schwarz inequality which is 1 2 . So, the above equation becomes,
This proves that Buzek-Hillary state dependent local cloner cannot broadcast non-locality.
Theorem 2. Non-locality of a particular quantum state cannot be broadcasted using Buzek-Hillary state dependent non local cloner (U nl bhsd ).
where x and y are Bloch vectors and = [t i j ] is a correlation matrix. Suppose the above quantum state ρ id ab violates the CHSH inequality then:
Here M (ρ 12 ) is the sum of two largest eigenvalues (η 1 , η 2 ) of the matrix T . Therefore the above Eq. 23 becomes,
After the application of B-H state dependent non local cloner U nl bhsd to ρ 12 , the final state will be of the form:
Here λ and µ are the cloning machine parameters. Suppose the two largest eigenvalues of matrix µ 2 T are (η ' 1 , η ' 2 ) ≡ (µ 2 η 1 , µ 2 η 2 ). Considering the Eq. 24,
Clearly, we can see that the sum of two largest eigenvalues is not greater than one. So the final output stateρ 12 is local in nature even though the initial state is non-local. This proves that Buzek-Hillary state dependent non local cloner cannot broadcast non-locality.
B. Broadcasting of 3 Steerable States
In the present section we study the broadcasting of 3 steerability which is inequivalent to Bell nonlocality under two measurement settings.
Theorem 3. The application of Buzek-Hillary state dependent local cloner on a general two qubit mixed state which is 3steerable will result in the output state to be 3-unsteerable.
Proof. Suppose a general two qubit mixed state ρ id 12 as shown in Eq. 1 is 3-steerable then:
Here
is the sum of eigenvalues (η 1 , η 2 , η 3 ) of the matrix T . Therefore the above Eq. 28 becomes,
After the application of B-H state dependent local cloner to ρ 12 , the final state will be of the form:
Here λ and µ are the cloning machine parameters. Suppose the eigenvalues of matrix
. Considering the Eq. 29,
Clearly, we can see that the sum of eigenvalues of T is not greater than one. So the final output stateρ 12 is 3-unsteerable in nature even though the initial state is 3steerable. This proves that Buzek-Hillary state dependent local cloner cannot broadcast 3-steerability. Proof. Suppose a general two qubit mixed state ρ 12 as shown in Eq. 1 is 3-steerable then:
Here F C J W R 3 (ρ 12 ) is the sum of eigenvalues (η 1 , η 2 , η 3 ) of the matrix T . Therefore the above Eq. 33 becomes,
After the application of B-H state dependent nonlocal cloner to ρ 12 , the final state will be of the form:
Considering the Eq. 34,
But the maximum value of µ is restricted by Schwarz inequality which is 1 6 . So, the above equation becomes,
This entails that 3-steerability cannot be broadcasted through BH state dependent nonlocal cloner.
The two theorems mentioned above depict the instances in which the output states are rendered 3-unsteerable. However, we also observe that under certain situations, the output states can become unsteerable under any number of measurement settings i.e., they admit a local hidden state model(LHS). In the work [39] , the authors had derived a sufficient criteria for the unsteerability of a two qubit state based on its bloch parameters. States which satisfy the criteria admits a local hidden state model(LHS) thereby rendering them unsteerable under any number of measurement settings. In the theorems which follow below , we show that in some instances when a steerable Werner state is used for broadcasting of steerability , states which admits LHS are obtained as outputs. Proof. Werner states are given as,
where = d ia g(p, −p, p). After the application of B-H local cloning machine, the output states are given as,
Now the criterion in [] can also be written as,
Subsituting the bloch vectors of Werner states into the above equation, we get 2 η max ≤ 1
For maximum value of µ i.e. 1 2 , we get p ≤ 1. For other lower values of µ, we get the same range of p for which it is satisfying the criterion as the parameter p in Werner state are already constrained as 0 ≤ p ≤ 1. In addition to these, we also know that for Werner states, we are able to broadcast entanglement for some range of p. 
Now the criterion can also be written as,
Substituting the Bloch vectors of Bell Diagonal states (assuming the first case as c 1 ≥ c 2 ≥ c 3 ) into the above equation, we get 2 η max ≤ 1
For maximum value of µ i.e. 1 2 , we get c 1 ≤ 1. For other lower values of µ, we get the same range of c 1 for which it is satisfying the criterion as c 1 parameter in Bell Diagonal states are already constrained as −1 ≤ c 1 ≤ 1. Similar proof can be used for other two cases i.e.c 2 ≥ c 3 ≥ c 1 and c 3 ≥ c 1 ≥ c 2 Therefore, the whole range will satisfy the Brunner's criterion after local B-H cloning. In addition to these, we also know that for Bell diagonal states, we are able to broadcast entanglement for some range of c 1 , c 2 , c 3 .
IV. CONCLUSION
Nonlocality is an extremely important ingredient in quantum information processing tasks. As a consequence, generating more number of non-local resources from a few assumes considerable significance. However,an improper choice of cloning machines as tools for broadcasting may result in loss of resources. In the present submission, we show that this is indeed the case, for the choice of cloning machine as the Buzek-Hillery transformation scheme. We study in the purview of the Bell-CHSH inequality and a three settings steering inequality to exhibit that non-local resources can get lost. The loss can also be to the extent of the state being rendered as unsteerable under any number of measurement settings. Our work also opens some pertinent questions for future research work. Protocols devised to preserve non-locality under such circumstances warrants attention. Further probe is also needed to study the effect of cloning machines on quantum states under irrespective of any specific non-local inequality.
